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M/G/1 queue

M (memoryless):  Poisson arrival process, intensity A
G (general): general holding time distribution, mean S = 1/p
1: single server, loadp = S (in a stable queue one has p < 1)

The number of customers in the system, N(t), does not now constitute a Markov process.

e The probability per time unit for a transition from the state {N = n} to the state
{N=n -1} i.e. for a departure of a customer, depends also on the time the customer

in service has already spent in the server;

— this information is not contained in the variable N(t)
— only in the case of an exponential service time the amount of service already received

does not have any bearing (memoryless property)
In spite of this, the mean (queue length, waiting time, and sojourn time) of the M/G/1 queue
can be found. The results (the Pollaczek-Khinchin formulae) will be derived in the following.

It turns out that even the distributions of these quantities can be found. A derivation based
on considering an embedded Markov chain will be presented after the mean formulae.



Pollaczek-Khinchin mean (expectation) formula

We start with the derivation of the expectation of the waiting time W. W is the time the
customer has to wait for the service (time in the “waiting room”, i.e. in the actual queue).
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mumber of wait- mean service time  unfimshed work
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mean time needed to serve the
customers ahead in the quene
* R is the remaining service time of the customer in the server (unfinished work expressed

as the time needed to recharge the work).

If the server is idle (i.e. the system is empty), then R = 0.
e In order to calculate the mean waiting time of an arriving customer one needs the expectation

of Ny (number of waiting customers) at the instant of arrival.
e Due to the PASTA property of Poison process, the distributions seen by the arriving

customer are the same as those at an arbitrary instant.

The key observation is that by Little’s result the mean queue length E[Nq] can be expressed
in terms of the mean waiting time (by considering the waiting room as a black box)

E[Ng] = AE[W]
E[W] = AE[W]E[S] + E[R]
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E[R] It remains to determine E[R].
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1-p  p=12E[S]




Pollaczek-Khinchin mean formula (continued)

The residual service time can be deduced
by using similar graphical argument as
was used in explaining the hitchhiker’s
paradox. The graph represents now the
evolution of the unfinished work in the
server, R(t), as a function of time.

Consider a long interval of time t. The average value of the sawtooth curve can be
calculated by dividing the sum of the areas of the triangles by the length of the interval.

e Now the triangles may be separated by idle periods (queue empty).
e The number of the triangles, n, is determined by the arrival rate ) ; mean number is At.
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Pollaczek-Khinchin mean formula (continued)
From the mean waiting time one immediately gets the mean sojourn time
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By applying Little’s result one obtains the corresponding formulae for the numbers.

Mean number of waiting customers and customers in system
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Remarks on the PK mean formulae

e \Viean values depend only on the expectation E[S] and
variance V|[S] of the service time distribution but not on higher
moments.

e Vlean values increase linearly with the variance.

e Randomness, ‘disarray’, leads to an increased waiting time and
gueue length.

e The formulae are similar to those of the M/M/1 queue; the
only difference is the extra factor (1 + C2)/2.
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Remarks on the PK mean formulae 4
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Single-server Poisson arrivals /
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Server utilization, p = %

Note: E[N]- E[N,]= pis the time-average number of customers being served.
Average length of queue, E[N], can be rewritten as:

E[Nq]: P + ro
2(1-p) 2(1-p)

If Aand u are held constant, E[N,] = depends on the variability,a2, of the service times.

1.0



The PK mean formulae for the M/M/1 and M/D/1 queues

M/M/1 queue

M/D/1 queue

In the case of the exponential distribution one has In the case of constant service time one has

V[S] = E[S]? = Cz=1 V[S]=0 = Cz=0
( p’ p ( 1 p?

E[N] =p + = — 4l

JF=e -p 1-p <E[N] P a1,

E[T] = (1 +—).E[S] = ——.E[S] _ 1 p

x 1—p 1—p kE[T]—(1+2—1_p)-E[5]

The familiar formulae for the M/M/1 queue A factor 1/2 in the “waiting room terms”



_ A 20/ u* +o7)
Example. E[N] AEIW] = 2(1- p)

Two workers competing for a job, Able claims to be faster than

Baker on average, but Baker claims to be more consistent,

Poisson arrivals at rate A = 2 per hour (1/30 per mmute)
Able: 1/u = 24 minutes, p=(1/30)/(1/24)=4/5 and 6% = 20? = 400 minutes?:

(1/30)[247 + 400]
2(1—4/5)

The proportion of arrivals who find Able idle and thus experience no delay is my = 1-p =
1/5 = 20%.

Baker: 1/u = 25 minutes, p=(1/30)/(1/25)=5/6 and 0 = 2% = 4 minutes?:

E[N,] = 2.711 customers

(1/30)%[25% +4]
2(1-5/6)

= 2.097 customers

E[Ny] =

The proportion of arrivals who find Baker idle and thus experience no delay is Ty = 1-p =
1/6 = 16.7%.

Although working faster on average, Able’s greater service variability results in
an average queue length about 30% greater than Baker’s.



Example.

The output buffer of an ATM multiplexer —] —
can be modelled as an M/D/1 queue. : : 271

Constant service time means now that an R — UL
ATM cell has a fixed size (53 octets) and its
transmission time to the link is constant.

If the link speed is 155 Mbit/s, then the mean transmission time is

E[S] = (53558) microeconds = 2.7microseconds

What is the mean number of cells in the buffer (including the cell being transmitted)
ant the mean sojourn time of the cell in the buffer when the average information rate
on the link is 124 Mbit/s?

The load (utilization) of the linkis p = 124/155 = 0.8

Using We Have
1 2
E[N]=p+=

P ( 2
21=p EIN] = 08 42 0

1 ) 12 1-0.8
=(1+ E
ET] = (14 57) ElS] = 2

)2.7us = 8.1microseconds
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The queue length distribution in an M/G/1 queue

The queue length N; in an M/G/1 system does not constitute a Markov process.

e The number in system alone does not tell with which probability (per time) a customer
in service departs, but this probability depends also on the amount of service already
received.

As we saw above, the mean queue length was easy to derive. Also the queue length distribution
can be found. There are two different approaches:

1. The first is based on the observation that the unfinished work in the system, X (or
virtual waiting time V. ), does constitute a Markov process. The Markovian property, is a
property of the considered stochastic process, not an intrinsic property of the system.

e The evolution of X; can be characterized as follows: when there are no arrivals X;
decreases at a constant rate C (when X, > 0). In addition, there is a constant

probability per time unit, 4 , for a new arrival, bringing to the queue an amount work
having a given distribution. No knowledge about the history of X; is needed.

e Aslight technical difficulty is that X; is a continuous state (real valued) process.

2. The second approach is based on the observation that there is an embedded Markov chain,
by means of which the distribution can be solved. In the following we use this method.




Embedded Markov chain

The embedded Markov chain is constituted by the queue left by an departing customer (i.e.
number in system at departure epochs). That this indeed is a Markov chain will be justified

later.

Denote

f N* = the queue length seen by an arriving customer (queue length just before arrival)
N; = the queue length left by a departing customer
N = queue length at an arbitrary time

By the PASTA property of Poisson arrivals we have

In addition, for any system with

: . . Proof:
single (in contrast to batch) arrivals

NZ~N

and departures, it holds i+_1 —
I - m I—I
N*=i

Ni~N* =i

(so called level crossing property)

The events{N- = i} and {N; =i} occur pairwise.
12 P{NZ =i} =P{N; =i}> N ~N;



Embedded Markov chain (continued)

We have shown that Ni~NZ and NI~N= Ni~N

Thus to find the distribution of N at an arbitrary time, it is sufficient to find the
distribution at instants immediately after departures.

We focus on the Markov chain N} , which in the following will for brevity be denoted
just N.

In particular, denote

N, qgueue length after the departure of customer k

Vi = number of new customers arrived during the service time of customer k.

| I _ﬂmml
Nl T T

13



Embedded Markov chain (continued)

Claim: The discrete time process N, constitutes a Markov chain (however, not of a birth-death
type process).

Proof: GivenNy; Ni41 can be expressed in terms of it (Ny) and of a random variable V..,  which
is independent of Ny, and its history:

N [Nk—1+Vk+1» N =1
k+1 — 4§
l Vit N, =0 (= N + Vi41)

e If N, =1 , then upon the departure of customer k, customer k + 1 is in the queue and
enters the server.

When ultimately customer k +1 departs, the queue length is decremented by one. Meanwhile
(during the service of customer k + 1), there have been  Vj. 11 arrivals.

o If Ny = 0, customer k leaves an empty queue. Upon the arrival of customer k+1 the queue
length is first incremented and then decremented by one when customer k + 1 departs.

The queue consists of those customers who arrived during the service of customer k + 1.

e As the service times are independent and the arrivals are Poissonian, the I/, are independent
of each other. Moreover, V11 isindependent of the queue length process before the
departure of customer k, i.e. of N, and its previous values.

The stochastic characterization of N1 depends on N, but not on the earlier history. QED.



Embedded Markov chain (continued)

A N, — 1, N, =>1
Denote Nx =N, —1)" = ]:
L Nk(= O), Nk — 0

A

Upward jumps can be arbitrary large.
Then Nis1 = Ni + Viess pareJimP vt

Downward one step at a time.

e |In equilibrium (when the initial information has been wahed out) the random variables
Ny, Ny 41, ... have the same distribution. AA

e So are the distributions of the random variables Ni» Nk+1,-++ the same (mutually).
e Random variables Vk» Vk+1:-++ have from the outset the same distributions (mutually).
Denote the random variables obeying the equilibrium distributions without indices, so that

N=N+V

A

Since Vand N are independent, we have for the generating functions

Gy(2) = g& (2).Gy(2) The task now is to determine Gy (z) and Gy (Z)




TAN

Expressing the generating function of N in terms of the generating function of N

A

G (2) = Elz"]

=279 P{N =0} +Zzip{1v = i}
P{N=0}+P{N=1} =1  P{N=i+1}

= P{N = 0} + %Z z'P{N = i}

oo

1. 1 : _
= P{]\ll_j 0} (1 _E) +E;Z P{N =i}

Gn(2)

We have obtained the result

Gn(Gz)— (A —-p)A—2) where p = AE[S]
z

QIQ,(Z) =




The number of arrivals from a Poisson process during a service time

Let X be an arbitrary random variable (representing an interval of time).
We wish to determine the distribution of the number of arrivals, K, from a Poisson process
(intensity A ) occuring in the interval X, and, in particular, its generating function Sk(2)-

Gx(2) =E[zX] = E[ E[z"|X] 1=E[e" 0¥ =X+(Q-21) X'(s)=E[e™™]

%,—/
K~Poisson(AX)

Generally, Gk(2) =X*(1 —2)A) In particular, G, (z) = S*((1 — 2)A)

The result can be derived also in a more elementary way

o - ()Lx)l —Ax

Ge() = Y 2P(K =i} = Z f PR = X = ) f ()dx

i=0

—Ax

= joo fr@e -sz( dx = joo fr@e emdx:f fi(x) e~ 0% dx
i=0 0 0

X' (1 —2)4)



The number of arrivals from a Poisson process during a service time (continued)

The result can be interpreted by the method of collective marks:

e In the method of collective marks 9x(2)- has the interpretation of the probability
that none of the K arrivals occurring in the interval X is marked, when each arrival is
independently marked with the probability (1 - z).

e The process of marked arrivals is obtained by a random selection of a Poisson
process, and is thus a Poisson process with intensity (1 -2z) 4

e The interpretation of the Laplace transform in terms of collective marks: X*(s) is

the probability that there are no arrivals in the interval X from a Poisson process with
intensity s:

X*(s) = E[e™SX] = E[P{no arrivals in X[X}] = P{no arrivals in X}

e When the intensity of the marking process is (1 — z)A, the probability of no marks is
X' (1 —2)A).



Pollaczek-Khinchin transform formula for the queue length

By collecting the results together,

64 = 6. (@).Gr(@) = XA TEZPETD o1 oy

Z

From this we can solve ¢n(2)

_ (A-pd=-2z - A-pA-2
WA =sia—on=z 3 A=V =" =ia =D
Example. M/M/1 queue
S~Exp(n) = ') =+
) _ u _ 1 _
SA=D) =g - T i - U=op+1 | p=Au
1—p)(1— 1—p)(1— 1—
Gu(2) = 1-pA-2)  (A-p)(A-2) p

1-z(1—-2)p+1) (A-2)1-pz) 1-pz

=1 -p)A+ (p2) + (p2)*+...) (generates the distribution in an M/M/1 queue)



M/G/1 queue: distribution of the sojourn time T

Above we have derived a formula for the distribution of the queue length N (fully, NI)
left by a customer, which was noted to be the same as the distribution at an arbitrary instant.

From this result we can infer more, viz. the distribution of the total time, T, spent in the
system (sojourn time). For the expectation, we have already obtained the Pollaczek-Khinchin
mean formula.

The key observation is that the queue, N, left by a customer consists of those customers who
have arrived during the time is system of the departing customer.

Again we can apply the general result concerning the generating function of the number of
arrivals from a Poisson process occuring in an interval having a given length distribution

Gy (2) =T*((1 —2)A) where 71+ is the Laplace transform of the sojourn time.

Note: By evaluating the derivative with respect to z at z = 1 one gets

E[N] =G'n(1) = —AT"'(0) = AE[T]
—E[T]

In view of the Little’s result, this is as it should be.



M/G/1 queue: distribution of the sojourn time (continued)

We have obtained

1-p)A-2)

FA=-90 =s a2

5°((1=2)1)

Here z is a free variable. Denote s = (1 —z)A, i.e. z2=1-s/1 ,whence

Fre) — (1—p)s ] Pollaczek-Khinchin transform formula
T*(s) —~57(s
s — A+ AS*(s) for the sojourn time

Example. M/M/1 queue

i} U
5~Exp(ﬂ)=>5(5)=s+u
T (s) = (1-p)s pw  (A=p)s wu = p-=A1
e K s+u o_3_ S s+u s+w—-2
S ,1+,15+H noos AS+M U (u—2)

= T~Exp(u— A7) , inaccordance with earlier result.



M/G/1 queue: distribution of the waiting time W

The following is true generally T=W + S

\-VJ. \-VJ.
wait  service

Since W and S are independent, we have for the Laplace transforms
T*(s) =W7*(s) - S*(s)
and identify from the formula for T*(s).

o~ (@=p)s
W) = ST s (o)

Pollaczek-Khinchin transform formula for the waiting time

The expression can also be rewritten in the form
1—-S5*(s)
SE[S]

Denote now by R the residual service time in the server conditioned on that there is a
customer in the server. One can show (left as an exercise) that the density function of R is

1R _ . 1-5')  1-p
g5 RO =g T W) = T ki)

W (s) = p = AE[S]

1 —

fr(t) =




Interpretation of the formula for W*(s)

D 7 PR
W) = Tkt —;(1 PIOR"(5)

e The real waiting time W of the customers is, by the PASTA property of Poisson arrivals,
distributed as the virtual waiting time (unfinished work expressed as the time it takes to
recharge the work) at an arbitrary instant.

e Virtual waiting time is independent of the scheduling discipline (justified later) and is in
the ordinary FIFO queue the same as e.g. in a PS queue (Processor Sharing).

e The queue length distribution of an M/M/1-PS queue, Ttn = (1-p)p" , is independent
of the service time distribution and applies also for the M/G/1 queue (this does not hold
for the FIFO discipline).

e The unfinshed work in a PS queue at an arbitrary instant is composed of the residual
service times of the customers in the system. One can show that, conditioned on the
number of customers in the queue, n, the rsedual service times are independent and
distribute as R. The total residual service time of the customer thus has the Laplace
transform R*(s)™.

e By the law of total probability, the above formula gives the Laplace transform of the
virtual waiting time in a PS queue, and thus also that in the FIFO queue.



Virtual waiting time (unfinished work) is independent of the scheduling discipline

e |f the discipline is work conserving, FFO

i.e. the server is busy always when ! ‘
there are customers in the system, the

busy periods are the same no matter

in which order the service is given to

different customers in the system; the J_E_L

total work is “anonymous work”.

e The scheduling affects N; but not X Hre

e A
N
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Busy period of an M/G/1 queue: waiting time

The server is alternatingly busy and idle. The busy period
is a continuous period where the server is uninterruptedly

busy. Two busy periods are separated by an idle period. ] | |
—— = ;
B = length of busy period 1 ElE]
Denote
| = length of idle period

In a Poisson process the interarrival times are distributed according to Exp(4). Because of
the memoryless property, the idle periods (time from the end of an busy period to the start
of the next one) obey the same distribution, [~ thence

By Little’s result, the load of the server P = AE[S] s the same as the expected number of
customers in the server. As there can be at most one customer at a time in the server, the
expected number equals the probability that there is a customer in the server, and further, this
equals the proportion of time the server is busy:

AE[S] = E|B]  E|B] .
~ E[B]+E[I] E[B]+1/2

E[B] =

In the case of an M/M/1 queue this the same as E[T], i.e. mean sojourn time!



Appendix



Mean number of customers served during a busy period

A busy period consists of full service times of a set of customers.
Let the number of customers served during the busy period be n,. We deduce the expectation
E[Np].

e The first customer of a busy period finds the system empty, the others find it non-empty.
* Thus an arrving customer finds the system empty with probability 1/E[N,].

e The probability that the system is empty at an arbitrary instantis 1-p.

e By the PASTA property, these probabilities are equal.

1

E|N,| = ——
= [Np] =5

Since the mean service time of the customer is E[S], it follows further that



Distribution of the length of the busy period in an M/G/1 queue

[ B = length of busy period
Denote S = service time of the customer starting the busy period
V = number of customers arrving during this service time

The duration of the busy period is independent
of the scheduling discipline provided this is work
conserving. We can choose schduling as we wish.

It is easiest to consider a stack, i.e. a LIFO queue.

e The first arrival within the busy period interrupts the service of the customer who started
the busy period.

e By considering the period starting from this instant of interruption to the point when
the service of the first customer is resumed, we notice that this period itself forms a busy
period which is distributed in the same way as B, we call it a “mini busy period”.

— It may be paradoxical that inside a busy period there are subperiods with the same
distribution as the busy period itself. However, their expected number is < 1.

e The number of mini busy periods is V : the service of the first customer is executed in
pieces, each of them having a duration ~Exp(1) (except for the last one); thus the
number of mini busy periods is the same as the number of borderlines of the pieces,
which equals the number of arrivals from a poisson(1)  process during the interval S.



Distribution of the length of the busy period (continued)

B=S+Bl+Bz++Bv, V=0, 1,2,..., B~B1~B2~"'~Bv

B x (s) = E[e*?] = E[E[E[e~*F|V, S]|S]] = E[E[E[e~*C*Pi*Pat-+B|y, §]|5]]

— E[E[e_SSE[e_S(Bl+BZ+"'+Bv)|V, S]lS]] — E[E[e—sS E[e—sB]V |S]]
Bx(s)

E[e—sS E[B ¢ (S)V|S]] — E[e—(s+l(1—B*(s)))S]

—

e—(1—Bx(s))AS

Bx(s)=Sx(s+4-2B*(5)) Tak’acs’ equation (functional equation) for B*(s)

Example: the first moment of B
E[B] = =B *'(0) =S*'(0) (1 —AB *'(0))

—E[S] —E[B]
E|S
= E[B] = J, where p = AE[S]
1-p

This is in accordance with our earlier results.
In a similar way, one can derive higher moments of B.



	Slide 1: M/G/1 Queue
	Slide 2: M/G/1 queue
	Slide 3: Pollaczek-Khinchin mean (expectation) formula
	Slide 4: Pollaczek-Khinchin mean formula (continued)
	Slide 5: Pollaczek-Khinchin mean formula (continued)
	Slide 6: Remarks on the PK mean formulae
	Slide 7: Remarks on the PK mean formulae
	Slide 8: The PK mean formulae for the M/M/1 and M/D/1 queues
	Slide 9: Example.
	Slide 10: Example.
	Slide 11: The queue length distribution in an M/G/1 queue
	Slide 12: Embedded Markov chain
	Slide 13: Embedded Markov chain (continued)
	Slide 14: Embedded Markov chain (continued)
	Slide 15: Embedded Markov chain (continued)
	Slide 16: Expressing the generating function of          in terms of the generating function of N
	Slide 17: The number of arrivals from a Poisson process during a service time
	Slide 18: The number of arrivals from a Poisson process during a service time (continued)
	Slide 19: Pollaczek-Khinchin transform formula for the queue length
	Slide 20:  M/G/1 queue: distribution of the sojourn time T
	Slide 21: M/G/1 queue: distribution of the sojourn time (continued)
	Slide 22: M/G/1 queue: distribution of the waiting time W
	Slide 23: Interpretation of the formula for W*(s)
	Slide 24: Virtual waiting time (unfinished work) is independent of the scheduling discipline
	Slide 25: Busy period of an M/G/1 queue: waiting time
	Slide 26: Appendix
	Slide 27: Mean number of customers served during a busy period
	Slide 28: Distribution of the length of the busy period in an M/G/1 queue
	Slide 29: Distribution of the length of the busy period (continued)

